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Abstract 
The convective heat transfer enhancement of Cu-water nanofluid in a differentially heated square cavity with a circular disk was 
investigated. A finite element model consisting of Navier-Stokes, continuity and energy equations has been developed. 
Thermophysical properties of Cu-water nanofluid were taken from literature data. The model was validated against established 
solutions for natural convection of air and nanofluid inside a differentially heated square cavity. A magnetic field was applied 
horizontally to investigate the effect of magneto-hydrodynamicsphenomena on the heat transfer enhancement of the nanofluid. 
Average Nusselt numbers are calculated for various flow conditions obtained by varying magnetic field strength,solid volume 
fraction of the nanoparticle, Rayleigh number.  
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1. Introduction 
Nanofluid has been under extensive analysis in the last decade due to its potential in heat transfer enhancement 
related application. Nanometer sized particles finely dispersed in a base fluid is known asnanofluid which exhibits 
higher heat transfer coefficient than that of base fluid [1]. This phenomenon profoundly opens up doors for 
application of nanofluid in micro-cooling, nano-scale drug delivery and energy conversion. An extensive review on 
recent works on nanofluid can be found very helpful for the researchers working related to the subject [2-3]. Many 
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experimental studies [1-2] have been conducted as well as many theoretical studies (both numerical and analytical) 
[4-6]. Most theoretical work considered nanofluid as a single phase solution and formulate the problem in Eulerian 
frame of reference. Particle concentration of nanofluid has also been investigated in some analyses. Effect of 
Brownian motion was showed to be important in few cases. Magnetic field was shown to influence the heat transfer 
characteristics of nanofluid [7-8].  
 
In the present paper, a finite element model has been developed to analyze the heat transfer enhancement of Cu-
water nanofluid in differentially heated square cavity with a circular disk. The effect of magnetic field on the 
thermal properties or heat transfer enhancement of Cu-water nanofluidhas also been addressed. The model has been 
validated against established results for natural convection of air and nanofluidin a differentially heated square 
cavity. 
2. Mathematical Model 
A schematic view of a square cavity with circular disk considered in the present study is shown in Fig. 1. Side 
wall are the heated surfaces (hot and cold walls). Top, bottom walls of the cavity and the circumference of circular 
disk are assumed to be adiabatic. Arm length of the cavity and radius of the circular diskare denoted by hand ܽ, 
respectively. The problem is considered two-dimensional. A uniform magnetic field strength ofܤͲis considered in 
the horizontal direction.The cavity is filled with Cu-water (ܲݎ ൌ ͸Ǥʹ) and the thermophysical properties of Cu 
nanoparticles and water as base fluid are listed in Table 1. The nanofluid is considered to be Newtonian, and the 
nanofluid flow is assumed to be laminar and incompressible. It is assumed that nanoparticles and base fluid are in 
thermal equilibrium and there is no slip between them.  
 
Th Tc 
B0 
g 
y 
x 
h 
a 
 
Fig.1.Schematic view of the square cavity with a circular disk 
 
The properties of nanofluidare obtained as following: 
ߩ݂݊ ൌ ሺͳെ ߮ሻߩ݂ ൅ ߮ߩݏ ;          ߩ݂݊ܥ݌݂݊ ൌ ሺͳ െ ߮ሻ൫ߩܥ݌൯݂ ൅ ߮൫ߩܥ݌൯ݏ 
(1) 
ߩ݂݊ߚ݂݊ ൌ ሺͳെ ߮ሻሺߩߚሻ݂ ൅ ߮ሺߩߚሻݏ   ;    ߙ݂݊ ൌ
݂݇݊
൫ߩܥ݌ ൯݂݊
 
where ߮  is the solid volume fraction, ߩ݂݊ is the density,ܥ݌݂݊  is the heat capacity,ߚ݂݊ is the thermal expansion 
coefficient, ߪ݂݊  is the electrical conductivity of the nanofluid, ߙ݂݊ is the thermal diffusivity of nanofluid, and ݂݇݊ is 
the thermal conductivity of nanofluid. Here, subscript s and f indicate physical properties of solid nanoparticle and 
base fluid, respectively. The effective dynamic viscosity, ߤ݂݂݁  , of the Cu-water nanofluid is calculated according to 
the Brinkman model [9]: 
ߤ݂݂݁ ൌ
ߤ݂
ሺͳെ ߮ሻʹǤͷ (2) 
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The effective thermal conductivity of the nanofluid is determined using the Maxwell model [10],  
݂݇݊
݂݇
ൌ
൫݇ݏ ൅ ʹ݂݇൯ െ ʹ߮൫݂݇ െ ݇ݏ൯
൫݂݇ ൅ ʹ݇ݏ൯൅ ߮൫݂݇ െ ݇ݏ൯
 (3) 
Physical property of the Cu-water nanofluid is determined following Table 1.  
 
Table 1. Thermo-physical properties of water and Cu nanoparticle 
Physical properties Water Cu 
ܥ݌  (J/kg K) 4179 385 
ߩ(kg/m3) 997.1 8933 
݇(W/m K) 0.613 400 
ߚ(K-1) 21x 10-5 1.67 x 10-5 
ߙ (m2 s-1) 1.471 x 10-7 - 
 
Governing equations of the convective heat transfer are non-dimensionalized with the following dimensionless 
parameters defined as: 
ܺ ൌ ݔ݄ Ǣ ܻ ൌ
ݕ
݄ Ǣ ܷ ൌ
ݑ݄
ߙ݂
Ǣ ܸ ൌ ݒ݄ߙ݂
Ǣ ܲ ൌ ݌݄
ʹ
ߩ݂݊ߙ݂ʹ
Ǣ ߠ ൌ ܶ െ ݄ܶܿܶ െ ܶܿ Ǣ 
(4) 
The dimensionless forms of the governing equations are: 
߲ܷ
߲ܺ ൅
߲ܸ
߲ܻ ൌ Ͳ 
(5) 
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whereU and V fluid velocity in X-direction and Y-direction, respectively, p is pressure, ܤͲ is the magnetic field 
strength, ߠ is the temperature.Rayleigh number ܴܽ, Prandtl number ܲݎand Hartman number Haare defined as  
ܴܽ ൌ
݂݃ߚ ሺܶ െ ܶܿ ሻ݄͵
ߙ݂ݒ݂
Ǣ ܲݎ ൌ
ݒ݂
ߙ݂
Ǣ ܪܽ ൌ ܤͲ݄ඨ
ߪ݂݊
ߩ݂݊ ݒ݂
 
(6) 
No-slip condition is imposed on all surfaces. Thermal boundary conditions are  ൌ   for the left hot wall,  ൌ   
for the right cold wall and μ μൗ ൌ Ͳ  for the top, bottom and disk adiabatic walls. Using the dimensionless 
parameters in Eq. (4) the following boundary conditions are obtained.  
On the hot wall:   ܷ ൌ ܸ ൌ ͲǢ ߠ ൌ ͳ 
On the cold wall:   ܷ ൌ ܸ ൌ ͲǢ ߠ ൌ Ͳ 
On the adiabatic walls  ܷ ൌ ܸ ൌ ͲǢ߲ߠ ߲݊ൗ ൌ Ͳ 
(7) 
In order to evaluate the heat transfer enhancement in the cavity, the local Nusselt number on the walls is defined as: 
ܰݑ݈ ൌ െ
݂݇݊
݂݇
߲ߠ
߲݊ቤݓ݈݈ܽ
 (8) 
Average Nusselt number along the hot walls of the cavity is considered to evaluate the overall heat transfer rate and 
is defined as: 
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ܰݑܽݒ݃ ൌ න ܰݑ݈ܻ݀ȁܺൌͲ
ͳ
Ͳ
 (9) 
3. Results and Discussion 
3.1. Model validation 
The model is solved by using a commercially available finite element package. It has been validated against 
benchmark solutions obtained in the literature as shown in Table 2. Natural convection of air inside a square cavity 
whose two sides are set to differential temperatures while keeping the top and bottom surfaces at adiabatic condition 
is a classic case for validation. Average Nusselt number for the hot wall calculated from the present model is 
compared with the data available in the literature and found very accurate for various high Rayleigh numbers. 
 
Table 2. Average Nusselt number for the hot wall of the air filled square cavity obtained by various studies are shown and 
compared with present study for different Rayleigh numbers 
Rayleigh number 
(Ra) Present study 
Vahl Davis 
(1983) [11] 
Fusegi et 
al.(1991) [12] 
Comini et 
al.(1995) [13] 
Khanafer et 
al.(2003) [3] 
Bilgen 
(2005) [14] 
104 2.2448 2.243 2.302 - 2.245 2.245 
105 4.5216 4.519 4.646 4.503 4.522 4.521 
106 8.8262 8.799 9.012 8.825 8.826 8.800 
107 16.5301 - 16.543 16.533 - 16.629 
 
A second degree of validation has been done for Cu-water nanofluid. Calculated average Nusselt number of the 
present study was compared against that of a Cu-water nanofluid filled square cavity for various Grashof number 
and found satisfactory. 
Table 3. Comparison of average Nusselt number calculated on hot wall in Cu-water nanofluid 
filled square cavity with Khalil  Khanafer et al.(2003): 
Grashof number (Gr) Present study Khanefer et al (2003) [3] 
103 2.5662 2.835 
104 5.4050 5.895 
105 10.6669 11.245 
3.2. Square cavity with a circular disk 
Analysis of heat transfer enhancement of Cu-water nanofluid was conducted in a square cavity with a circular disk 
at the centre of the cavity. The ratio of disk radius (a) to length of the cavity (h) is defined as ߣ ൌ ܽȀ݄ and its value 
is taken as 0.1. Other variables considered for the parametric study are Rayleigh number,ܴܽ ൌ ͳͲ͵ǡ ͳͲͶǡ ͳͲͷǡ ͳͲ͸, 
Hartman number, ܪܽ ൌ ͲǡͳͲǡ ͵ͲǡͷͲǡͳͲͲ , solid volume fraction ߮ ൌ Ͳǡ ͲǤͲͷǡ ͲǤͳǡ ͲǤͳͷ ,0.2. Fig.2 illustrates the 
streamlines and isotherms for ɔ ൌ ͲǤͳand ܪܽ ൌ ͳͲfor different Rayleigh numbers.Forܴܽ ൌ ͳͲ͵the heat transfer 
due to convection is very small and only one circulation around the circular disk at the centre is visible. However, as 
Rayleigh number increases flow tends to move towards the wall and at ܴܽ ൌ ͳͲͷ two distinct eddies at both sides of 
the adiabatic disk are observed. Isotherms of the Fig.2 shows that both sides of the disk attain temperature 
equilibrium as the Rayleigh number increases. Heated nanofluid tends to move upward nearing the hot wall and 
goes downward very close to the cold wall. Fig.3 illustrates very similar patterns of streamlines and isotherms for 
ɔ ൌ ͲǤʹand ܪܽ ൌ ͷͲfor different Rayleigh numbers.  
Fig.4(a) shows the variation of average Nusselt number with Hartman number fora square cavity with a circular 
disk at ܴܽ ൌ ͳͲͷ. It confirms that the heat transfer is reduced with increasing Hartman number for all volume 
fractions. Higher volume fraction shows a small higher average Nusselt number.Fig.4(b) shows the change in 
average Nusselt number with Hartmann number at different values of the Rayleigh number at volume fraction 
ɔ ൌ ͲǤʹ.Results show that, the general behavior of solid particles addition is to mitigate the velocity field within the 
enclosure. Results also show the increase in the Hartmann number also leads to higher suppression of flow field.The 
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magnetic field does not have a considerable effect at low Rayleighnumber; the average Nusselt number remains 
unchanged when the Hartmann number changes. The heat transfer rate is partly or mainly due to convection for Cu-
water naofluid. 
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Fig.2. Streamlines and isotherms patterns for Cu-water nanofluid differentially in a square cavity with a circular disk for ܪܽ ൌ ͳͲ and ߮ ൌ ͲǤͳ 
for ܴܽ ൌ ͳͲ͵ǡ ͳͲͶǡ ͳͲͷǡ ͳͲ͸. 
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Fig.3.Streamlines and isotherms patterns for Cu-water nanofluid differentially in a square cavity with a circular disk for ܪܽ ൌ ͷͲ and ߮ ൌ ͲǤʹ 
for ܴܽ ൌ ͳͲ͵ǡ ͳͲͶǡ ͳͲͷǡ ͳͲ͸. 
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Fig.4. Variation of the average Nusselt number with Hartman number for(a) different volume fraction ߮ ൌ ͲǡͲǤͲͷǡͲǤͳǡͲǤͳͷǡͲǤʹܴܽ ൌ ͳͲͷ, (b) 
different Rayleigh numberܴܽ ൌ ͳͲ͵ǡ ͳͲͶǡ ͳͲͷǡ ͳͲ͸for ߮ ൌ ͲǤʹ 
4. Conclusion 
In this investigation, the effect of nanofluid on natural convection at a square cavity in the presence of a magnetic 
field is numerically studied. The cavity is filled with Cu-water nanofluid. The results were presented for ܴܽ ൌ
ͳͲ͵ǡ ͳͲͶǡ ͳͲͷǡ ͳͲ͸ , ܪܽ ൌ ͲǡͳͲǡ ͵ͲǡͷͲǡͳͲͲ  and ߮ ൌ ͲǡͲǤͲͷǡͲǤͳǡͲǤͳͷǡͲǤʹ . The results show that the solid volume 
fraction of the nanoparticles certainly enhances the heat transfer rate. An increase in Rayleigh number greatly 
enhances the heat transfer. The influence of the magnetic field was also studied and deduced that it has a remarkable 
effect on the heat transfer and flow field in the cavity.Overall Nusselt number is significantly decreased with 
Hartman number especially at high Rayleigh number. 
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